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Abstract 
We show that complements of planar graphs have intersection representations by convex sets 
in the plane, i.e., for every planar graph, one can assign convex sets in the plane to its vertices 
in such a way that two of the sets are disjoint if and only if the correspondning vertices are 
adjacent. This fact has a complexity consequence - -  it follows that the problem of determining 
the clique number of an intersection graph of convex sets in the plane is NP-hard. We note that 
the complexity of this problem for intersection graphs of straight line segments in the plane is 
unknown. @ 1998 Elsevier Science Ltd. 
Intersection graphs of  geometrical objects in the plane gain a lot of interest for their 
practical applications and many nice properties. I f  M is a family of subsets of  the plane 
(usually the sets in M are arc-connected and determined by their geometrical shape), 
we say that a graph G is an intersection graph of M if the vertices of  G can be assigned 
members of  M (say Mu E M to u E V(G)) in such a way that any two vertices u,v are 
adjacent if and only if the corresponding sets Mu, My have a nonempty intersection. 
In this sense interval graphs are intersection graphs of  intervals on a line, circular arc 
graphs are intersection graphs of  intervals on a circle, circle graphs are intersection 
graphs of  chords of  a circle etc. All these classes are recognizable in polynomial time, 
unlike the more general intersection graphs of straight line segments [3, 8], intersection 
graphs of convex sets [8] and the most general intersection graphs of  curves (the so 
called string graphs) [13,6], whose recognitions are NP-hard. (It is a challenging open 
problem that for none of these three classes, the recognition is known to be in NP. Re- 
sults of  Kratochvil and Matou~ek [7, 8] show that the natural approach of placing these 
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problems in NP by guessing representations of the input graphs necessarily fails, be- 
cause of the existence of graphs that require representations of exponential 
size.) 
It is easy to show that every planar graph is a string graph. It follows from the 
well known "kissing lemma" (or "coin-graph theorem") of Koebe [4] that every planar 
graph is an intersection graph of disks in the plane (and hence also of convex sets). 
(For more details about he complexity of disk representations and recognition of disk 
intersection graphs see [11,2].) It is a long standing open problem if every planar 
graph is an intersection graph of straight line segments _in the plane. This problem was 
first formulated in 1984 by Scheinerman [14] and independently in 1990 by Pollack 
[personal communication]. Weaker but still open is the question if every planar graph 
has an intersection representation by curves such that any two curves cross at most 
once (Fellows [1988, personal communication]). 
As concerns the 3-dimensional space, Wegner [16] showed that every graph is an 
intersection graph of convex sets in ~3. More recently, Thomassen [15] proved that 
planar graphs can be represented as touching graphs of axis-parallel graphs in the 
3-space. 
In this note, we pay more attention to representations of complements of planar 
graphs. Using the Four Color Theorem, it was observed in [5] that complements of 
planar graphs are intersection graphs of curves. Refining that argument we will show 
the following result. 
Corollary I. Complements of planar 9raphs are intersection 9raphs of convex sets in 
the plane. 
This fact has an interesting consequence for the complexity of the CLIQUE prob- 
lem restricted to classes of intersection graphs. It was noted in [9] that CLIQUE re- 
mains NP-complete for string graphs, but is polynomially solvable for intersection 
graphs of straight segments which are bound to follow a fixed number of direc- 
tions. The complexity of CLIQUE restricted to intersection graphs of segments (in 
unbounded number of directions) was posed there as an open problem. The strongest 
NP-completeness result in this direction is due to Middendorf and Pfeiffer [10] who 
showed that CLIQUE is NP-complete for intersection graphs of congruent L-shapes 
and segments, and for intersection graphs of L-shapes of two different ypes. Since 
INDEPENDENT SET is NP-complete for planar graphs, our Corollary 1 implies the 
following. 
Corollary 2. CLIQUE is NP-complete for intersection 9raphs of convex sets in the 
plane. 
It is not clear if one can use the same approach for the problem with segments. 
An affirmative solution to the following problem would indeed mean that CLIQUE is 
NP-complete for intersection graphs of straight line segments. 
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Fig. 1. Disk contact representation of G. 
Problem. Is it true that complements of planar graphs are intersection graphs of straight 
line segments in the plane? 
The rest of the paper is devoted to the proof of Corollary 1. We first prove a more 
general statement. 
Proposition 1. Let G be a graph with vertex set partitioned into sets Vl, I12 . . . .  , Vk 
so that each Vi induces a complete subgraph and the 9raph G = ((1,2 .... ,k}, 
{ij " 3u E Vi, v E Vj, uv E E(G)}) is planar. Then G is an intersection 9raph of  
convex sets in the plane. 
Proof. We first take a system of circles Ci, i = 1,2 . . . . .  k with disjoint interiors such 
that Ci, Cj touch each other iff ij E E(G). Such a disk contact representation f
exists by the kissing lemma [4] (see an example in Fig. 1). Then we blow up the 
disks slightly, so that the neighboring disks intersect each other, but the intersections 
are relatively small. If we denote C[ the blown up circles and Aij,Bij the intersections 
of C/~ and Cj (for ij E E(G)), the expansion is kept small enough so that none of the 
segments AijBik,AijAik,BijAik,BijBik crosses the arc AijBij of C~ that lies inside C' (for 
any i , j ,k  such that ij, ik E E(G)).  
We choose an arbitrary orientation of G and for every edge ij oriented from i to j, 
we place IV/I distinct points Diu, u E Vi, on the arc AijBij of C~ inside C[. For every 
u E V(G), we describe the set Nu of comers of the convex set Mu that will represent 
u. If u E V/ and ij E E(G) is oriented from i to j ,  we put Di~ in Nu. If u E Vi and 
ki E E(G) is oriented from k to i, we put into N~ all points Dkv such that v E Vk 
and uv E E(G). Finally, N, will contain the center of Ci (to guarantee that the sets 
Mu, u E Vi represent a complete subgraph). We set M~ -- conv(Nu), the convex hull of 
N~ (see an illustrative xample in Fig. 2). 
It is easy to show that M~,u E V(G), is an intersection representation f G. (If 
u E Vi, v E Vj are adjacent, then Mu M My contains either Diu or  Ojv. If u and v are 
nonadjacent, then Mu misses the comer Djv of My if ij is oriented from j to i (resp. 
My misses the comer Di~ of M~ if ij is oriented from i to j).  No other intersections 
could arise.) [] 
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Fig. 2. Illustration to the construction of the convex representation. 
By the Four Color Theorem [1, 12], every planar graph is 4-colorable. That means 
that if the complement of a graph G is planar then G can be partitioned into at most 
four cliques. For such a partition, the contracted graph G is planar (it is a subgraph 
of K4) and Corollary 1 follows from Proposition 1. 
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